This paper derives maximum likelihood estimators (MLEs) and some approximate MLEs (AMLEs) of unknown parameters of the generalized exponential distribution when data are lower record values. We derive approximate Bayes estimators through importance sampling and obtain corresponding Bayes predictive intervals for unknown parameters for lower record values from the generalized exponential distribution. For illustrative purposes, we examine the validity of the proposed estimation method by using real and simulated data.
Introduction
Let X 1 , X 2 , X 3 , . . . be a sequence of independent and identically distributed (iid) random variables with the cdf F(x) and the pdf f (x). Setting Y n = min(X 1 , X 2 , . . . , X n ), n ≥ 1, we say that X j is a lower record denoted by X L( j) if Y j < Y j−1 , j > 1. The indices for which lower record values occur are given by the record times {L(n), n ≥ 1}, where
Record values arise in many real-life situations that involve weather, sports, economics, and life tests. A record model is closely related to the model of order statistics, and both are widely employed in statistical applications as well as in statistical modeling and inferences because they can be viewed as order statistics from a sample whose size is determined by the value and order of the occurrence of observations. In particular, Balakrishnan et al. (1992) establish some recurrence relationships for single and double moments of lower record values from the Gumbel distribution. Soliman et al. (2006) obtain Bayes estimators based on record statistics for two unknown parameters of the Weibull distribution. Recently, Ahmadi and Balakrishnan (2011) discuss the prediction of future order statistics based on the largest and smallest observations when there is a new record.
The probability density function (pdf) and cumulative distribution function (cdf) of a random variable X with a generalized exponential distribution are, respectively,
and
where λ is the shape parameter and σ is the scale parameter. As a special case, if λ = 1, then this distribution is an exponential distribution. Recent studies have made extensive use of the generalized exponential distribution, introduced by Gupta and Kundu (1999) as an alternative to the Weibull or gamma distribution. Raqab (2002) derives exact expressions for single and product moments of generalized exponential record statistics. Jaheen (2006) derives Bayes and empirical Bayes estimators of unknown shape parameters of the generalized exponential distribution. Asgharzadeh (2009) proposes AMLE of scale parameter in a generalized exponential distribution by using a progressively Type-II censored sample. Kundu and Pradhan (2009) develop MLEs of unknown parameters by using the EM algorithm and derive Bayes estimators of unknown parameters through importance sampling.
The outline of the remaining sections is as follows. In Section 2 and Section 3, we derive MLEs and AMLEs of unknown parameters in a generalized exponential distribution based on lower record values. Section 4 details Bayes estimation method in the context of lower record statistics from the generalized exponential distribution. Finally, in Section 5, we analyze examples to illustrate the application of the derived estimators.
Maximum Likelihood Estimation
In this section, we discuss a profile MLE of the scale parameter σ in a generalized exponential distribution when data are lower record values. The likelihood function of the first n lower record values
Then it follows, from (1.1), (1.2) and (2.1) that
The natural logarithm of the likelihood function (2.2) is given by log L(σ, λ) = n log λ − n log σ + λ log
From (2.3), the likelihood equations for σ and λ are, respectively,
and ∂ ∂λ log L(σ, λ) = n λ + h 1 (σ; x n ) = 0, (2.5)
